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§-CATEGORIES AND F-FUNCTORS IN
THE REPRESENTATION THEORY OF LIE ALGEBRAS

BEN COX

ABSTRACT. The fields of algebra and representation theory contain abundant
examples of functors on categories of modules over a ring. These include of
course Hom, Ext, and Tor as well as the more specialized examples of comple-
tion and localization used in the setting of representation theory of a semisimple
Lie algebra. In this article we let a be a Lie subalgebra of a Lie algebra g and
T" be a functor on some category of a-modules. We then consider the follow-
ing general question: For a g-module E what hypotheses on I' and E are
sufficient to insure that I'(E) admits a canonical structure as a g-module? The
article offers an answer through the introduction of the notion of F-categories
and F-functors. The last section of the article treats various examples of this
theory.

1. INTRODUCTION

Suppose a is a Lie subalgebra of a Lie algebra g and y is a functor from
the category of a-modules to itself. Now suppose A4 is a g-module. Then
by restriction of the action from g to a we obtain an a-module which we
denote by the same symbol A. Within representation theory of Lie algebras
the following question has arisen naturally in a number of contexts (see [D, E,
Jol, Jo2, Jo3, Wa, Z]). What hypothesis on y and A are sufficient to imply
that y4 admits a g-module structure? We offer an answer to this question in
the form of the Lifting Theorem (see 4.6).

Let us review the contents of the paper. In §2 we set down the necessary
notation and establish a few preliminary results. In §§3 and 5 we recall the
definitions of some well-known functors in representation theory. Among some
of the more interesting examples are Enright’s completion functors and Zuck-
erman’s derived functors of the ¢-finite functor. There is a second group of
functors (also discussed in §3) which includes some specialized versions of Tor.
An essential property of the functors in the first group is that they commute with
those in the second. This property, which is incapsulated in the notion of what
we call an F-category and an F-functor, is the basis for a proof of the Lifting
Theorem. The statement and proof of this theorem is then given in §4. Here
the reader will also find a related result on the derived functors of F-functors
and the proof that under some rather mild conditions the left adjoint to a right
exact F-functor is an F-functor. We end the paper with some remarks on how
the Lifting Theorem applies to a variety of examples.
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At this point the author would like to thank his thesis advisor Professor
Thomas J. Enright for his patience, encouragement, and guidance. Professor
Enright’s enthusiasm and deep insight into the representation theory of Lie
algebras has been an inspiration to the author.

2. PRELIMINARIES AND NOTATION

2.1. If G:¢€ — D is a functor then let imG be the class of objects G(C),
C € Ob¢, together with the collection of morphisms G(h), & € Homg(A4, B)
where A, B € Ob¢. If B is a subcategory of ® let G~!(*B) denote the
subcategory of ¢ where 4 € ObG~!(B) if G(4) € ObB and

Homg-1(y)(4, B) := G~'(Homp(GA4, GB)) C Home(4, B)

for A, B € ObG~!(B). One can see that G~!(B) is a subcategory as follows:
Composition in G~!(B) is just given by composition in €, however one needs
to see that the image lies in the appropriate space, i.e.,

HomG_.(m)(A, B) X HomG_n(gB)(B, C) — Hom(;—l(m)(A, C)

where (¢, y) = yog¢. This is true as f € Homg-i(g)(4, B) and g €
Homg-1(3)(B, C) implies that G(g o f) = G(g) o G(f) € Homg (G4, GC).
It is clear that composition is associative and that for each 4 € ObG~1(B)
one has 1, € Homg-i()(4, A). Hence G~!(B) is a subcategory of €. If
we write imG C B we mean both G(C) € Ob®B for all C € Ob¢ and
G(Homg¢(A, B)) C Homgp(GA, GB) forall 4, Be Ob¢c.

2.2. Recall that an additive category 2 is a category satisfying the following
three axioms: (i) 2 has a zero object, (ii) any two objects in 2 have a product,
and (iii) for all objects 4, B € Ob2 the set of morphisms Homy (A4, B) forms
an abelian group such that the composition Homyg(A4, B) x Homg(B, C) —
Homgy (A4, C) is bilinear. One also has the following proposition.

2.3. Proposition [HS, p. 77]. Let A andB be two additive categories and
F: %A — B a functor. Then the following are equivalent:

(i) F preserves sums (of two objects).
(ii) F preserves products (of two objects).
(iii) For each A, A' € Ob2 one has that

F: Homg(A, A') - Homg(FA, FA')
is a group homomorphism.

A functor satisfying the above equivalent conditions is called an additive
functor.

2.4. For a vector space V over a field k, let 7"(V) denote the n-fold tensor
product of V' with itself and let 7° = k. Then T(V) := @,y T"(V) is the
tensor algebra of V . Elements in T"(V) are called homogeneous of degree n .
If g is a Lie algebra let U(g) denote the universal enveloping algebra of g.
Furthermore set T,(V) := @ocm<, T™(V) and let Uy,(g) denote the image of
T,(g) under the canonical projection T(g) — U(g).
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Let g be a Kac-Moody algebra with triangular decomposition g =n_&hon,
(see [Ka, Chapter 1] for definitions and notation) and let A € h*. Let C; = Cv
denote the one-dimensional § @ n,-module defined by

h,v=Ah)v and n,.v=0.

Then the Verma module M(A) of highest weight A—p is the g-module U(g)®ys)
Cy-, where p(a) =1 for all positive simple roots o .

2.5. Let a be an arbitrary Lie algebra over a field k. For V a finite-
dimensional trivial a-module and P and E arbitrary a-modules, let

¢=¢y pg: V*®Hom,(P, E) - Hom,(V ® P, E)

be given by the canonical homomorphism &(v* @ ¢)(v ® p) = v*(v)e(p) for all
vreV*, veV, peP,and 9 € Hom,(P, E).

Lemma. & is an a-module isomorphism and is natural in all variables
Proof. First we show that £ is an a-module homomorphism. Let x € a. Then

c(x.(v* @ 9))(v ®p) = (xv*)(v)e(p) +v*(v)(x.0)(p) =0

as ¢ € Hom,(P, E) and V* has trivial a-module structure. On the other
hand,

(xL¥" ®9))(vep)=x.(E(v" @ 9)(vep)-E(v ®9)x.(vep))
=v*(v)(x.9)(p) =0

as ¢ € Hom,(P, E).

We now show that £ is natural in the first variable V', and leave the verifi-
cation for the other variables to the interested reader. Let V and W be two
finite-dimensional trivial a-modules and f € Hom,(V, W). Forw* € W*,
¢ € Hom,y(P, E) one has

o fre@ (w8 p)(vep)=(f"eow)(v)e(p) =w"(f(v))pP)
=W ®9)(f(v)ep)=((fe ) {)(w" @ 9)(vep)

This proves the claim that £ is natural in V.

We still have to prove that ¢ is an isomorphism. To that end let {v;} be
a basis of V' and {v}} be its dual basis. If (3}, a;v} ® ¢;) =0 with a; € k
then &(3°;aiv} ® 9:)(vi®p) =ajp;(p) =0 forall pe P and all j. Thus ¢ is
injective.

Suppose now ¢ € Hom,(V ® P, E) then if {p,} is a basis of P we can
set @,(px) = @(vi ® pr). It is easy to see that g, € Homy(P, E) using the
hypothesis that ¥ is a trivial a-module. Now &(3°, v} ®9,)(v;®pk) = 7;(pk) =
@(vj ® p) so that £ is surjective as well.

2.6. Let A, B and F be a-modules where a = a(A4) is a Kac-Moody algebra
with triangular decomposition a(4) = h @ n, ®n_. For any a-module M we
let M[h] denote the sum of the h weight spaces of M. Let : a — a be the
involutive antiautomorphism defined by o(x) = —x and let g.: a — a be the
compact Chevalley involutive antiautomorphism defined o.(x,) = x_, for a a
root. Let now M* (resp. M}) be the a-module Hom(M , C) with underlying




436 BEN COX

action (x.¢)(m) = ¢(a(m)) (resp. (x.p)(m) = ¢(c.(m))). Set M' = M*[h]
and M! = M*[b]. Let

N=MN4,M,B- Hom,(4, M ® B) — Homa(A®M“, B)
be given by n(p)(a® m*) =Y, m*(m;)b; where ¢(a) =3 ,m;®b; and m; €
M, b; € B. For f € Hom,(M, N) let f¥: N* — M' denote the obvious
induced map.

Lemma. Let H be a trivial finite-dimensional a-module with A, B, M arbi-
trary a-modules. Then the following diagram is commutative and n is a natural
transformation:

H* @ Homg(4, M® B) —*— Hom.(H® A, M ® B)

| |7

H* @ Homy(4 ® M*, B) —*— Hom,(H ® A ® M, B)
Proof. We first check commutativity of the diagram. Let y € H*, h € H,
acA, m*e M' and 9 € Hom,(4, M ® B). Then
Col@dn(x@p)h®aem)=L(x@n(p))(h®adm®)
= x(h)n(p)(a®@ m*) = x(h)(m* ® 1)(¢p(a))
= (m* ® 1)(x(h)p(a)) = (m* ® 1)(¢(x ® ¢)(h ® a))
=n¢(x®p)(h®aem*)=(nof)(x®¢)(h®a®m").

This proves the commutativity.

We now check that # is natural in the variable 4 and leave the verification of
the other variables to the reader. Let f € Hom,(4, C), ¢ € Hom,(C, M®B).
Then ¢(f(a)) = Y ;m; ® b; with m; € M and b; € B. Then for m* € M!
and ae 4

Na,m (@) @@ m®) = 3 m*(mb; = nc,u,5(9)(f(a) @ m")

=({(f® 1) onc um,B)p)(a®m").

Hence n4,m o f*=(f®1)*onc, m,p and 7 is natural in the first variable.

Define further 8: A4' ® B! —» (4 ® B)! by the formula f(a* ® b*)(a ® b) =
a*(a)b*(b). If A and B are finite dimensional, it is easy to check that £ is
an isomorphism.

2.7. We keep the same notation as in the previous sections.

Lemma. For Q, A, F, and E a-modules the following diagram is commuta-
tive:
Hom,(Q, F® E® A) —'— Hom.(Q® (F ® E)!, A)

'll 1Homu(ﬂ)

Hom,(Q ® F!, E® A) —— Hom,(Q® F'® E!, A)
Proof. The proof is straightforward and is left to the reader.

2.8. The next result will be used in §4. First a definition. Let R be a ring
with identity and let Mz denote the category of all R-modules. An additive
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full subcategory € of Mp is said to be a good category if its class of objects is
closed under passage to submodules and quotients.

Proposition [Kn, Proposition 5.14]. Let € and D be two good categories and
G: €D and G': € - D two functors such that there are isomorphisms

Homg(G(4), B) = Homg(G'(4), B)
natural for all A€ Ob€ and B € Ob®D . Then G is naturally equivalent to G'.

Remarks. A similar result holds if one reverses the roles of the two variables in
Hom. Let Tp, 4: Homg(G(A), B) = Homg(G’'(A4), B) denote the above given
isomorphism. Then the natural equivalence from G to G’ is implemented by
the map T‘,:A)’A(IGI(A)): G(4) — G'(A) where A4 € Ob¢. For more details
see [Kn, Chapter 5].

3. F-CATEGORIES AND F-FUNCTORS

3.0. Let g be a Lie algebra defined over a field K of characteristic zero. If
§ and A are two additive categories of modules for g such that ¥ is closed
under tensoring and 2 is stable under tensoring by objects in F, then we say 2
is an F-category (see 3.2). In particular if 2 and § are also abelian categories
then the Grothendieck group (see, for example, [HS, p. 75] for the definition of
the Grothendieck group of an abelian category) of §, G(g), has the structure
of an associative algebra over K and the Grothendieck group of 2 becomes
a G(¥)-module. Hence an F-category can be viewed as a generalization of the
notion of a module over a ring.

Suppose now that 7: 2 — B is an additive functor between two F-categories
of g-modules. If the operation of tensoring by objects in § “intertwines” with
7 (i.e., Tr o7 is naturally equivalent to 7o Tr for every object F in § where
Tr = F®—), then we say t is an intertwining functor (see 3.3). Note in
particular that if 2 and B are also abelian categories then 7 induces a G(J)-
module homomorphism from G(2) to G(B). In this way we view an -
intertwining functor as a generalization of a module homomorphism.

In §5 we will give several examples of F-functors and F-categories, but for
now we just make the above ideas more precise.

3.1. Forany Lie algebra g (possibly infinite dimensional) defined over a field k
of characteristic zero, let M, denote the category of all g-modules. Throughout
we will assume that § denotes an additive subcategory of M, satisfying the
following two conditions:
(1) § is closed under tensoring; i.e., if E;, F; € §, f; € Homg(E;, F;)
for j=1,2 then E|\®FE,, F;® F, € Ob§, and

h ®fr€ Homg(El ®F, 1®F).
(2) geObF as a g-module under the adjoint action.

3.2. For F € Obg let Tr denote the tensor product functor on M, given by
A~ F®A and h— 1p ®h for g-modules 4 and B and h € Homy(4, B).
If n C g is a Lie subalgebra and ¢ is a subcategory of M, we shall use the
symbol Ty to denote the tensor product functor on € when no confusion is
likely to arise. The category € is called an F-category if it is additive and Tr
carries € into itself for all F € Ob§.
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3.3. Example. Let g = g(4) be a Kac-Moody algebra associated to a gener-
alized Cartan matrix A (see [Ka, Chapter 1]). Let g = h ®,co 9o be a root
space decomposition of g with b a Cartan subalgebra, © C h* a set of roots,
O+ a set of positive roots, and Il the set of simple roots. Fix a € 8% and
let a = Cx, ® Chy ® Cyo, X4 € 8as Mo = [Xa, Val, Va € 8-a, be a copy of
sl(2, C) inside of g. The full subcategory 7, of M, is defined to have as
objects, a-modules M such that

(i) h, acts semisimply on M,
(i) the C[y,]-action on M is torsion free, and
(i) M is C[x,]-finite.

This category was first introduced in [E, §3].

For convenience we collect here the definitions of several related categories
which will appear later. Set n, = > .g. 8. and put b = h @ n, . For finite-
dimensional g, b is a Borel subalgebra. Let & denote the category of U(g)-
modules for which b acts semisimply and b acts locally finitely. Let § be
the category of integrable g-modules; i.e., N € Obg¥ if and only if N is b-
diagonalizable and y, and X, act locally nilpotently for all « € ©. Then § is
closed under tensoring and g € ObF by [Ka, Lemma 3.5], so § satisfies 3.1.
Moreover it is not too hard to check that .7, is stable under tensoring by objects
and morphisms in §. Hence 7, is an §F-category (see [D, Remark 2]).

34. Now let a and b be two Lie subalgebras of g and let A (resp. B)
be an additive subcategory of M, (resp. Mj). Suppose further that both 2
and B are F-categories and 7 is a functor from A to B. We call T an
intertwining functor (or F-intertwining functor when more precision is necessary)
if t is additive and there exists a natural equivalence for each F € Ob¥g,
ip: TpOT—>‘tOTp.

3.5. Suppose 7 is an intertwining functor and let ¥ = {ir|F € Ob§} denote
the family of natural equivalences above. Recall that a natural equivalence
ig: Tgot — 1o Tg is a rule that assigns to each object 4 of A an isomorphism
ig(A): Tgot(A) — 10 Tg(A) such that for every homomorphism f: 4 — B in
2A one has ig(B)o ((Teo1)(f)) = (toTg)(f)oig(A). For convenience we set
ig,4=1g(A) forall A€ O0bA, E€ObF.

Suppose now that for every E, F € Obg and h € Homg(E, F) one has
h®1l, € Homy(E® A, F ® A) for A € Ob2A. Assume B has this same
property. Then we say that .# is natural in the F-variable (or natural in ¥)
if the following diagram is commutative for all E, F € Ob¥, 4 € Ob2, and
feHomg(E, F):

E®td —E4. 1(E® A)
(1) fm”l lt(f@lA)

Fotd —£4, 1(F o A)

We call # distributive if the following diagram is commutative for E, F €




REPRESENTATION THEORY OF LIE ALGEBRAS 439
ObgF and 4 € Ob«A:
(EeoF)®td —2204, [(E®F)®A)

@ ! !

(E®1d) @ (F @ 74) =224, (E® 4) @ t(F © A)

The left map in (2) expresses the bilinearity of ® and the right map expresses
this bilinearity combined with additivity of 7.

We say that .7 is associative if the following diagram is commutative for all
E,FeObg and4 € Ob2:

l®ip,,4

EQF®1tA E®1(F®A)
g T e
T(E®@F®A)

3.6. To help set these ideas we include a proof of the following somewhat
straightforward result.

Lemma. Suppose A and B are F-categories and 1: 4 — B is an intertwining
functor. If the family . = {ip 4|/F € ObF, A € Ob2} is natural in the
S-variable then 7 is distributive.

Proof. Thesum X = U@ V in A can be expressed as a split exact sequence
0—-U—- X -V — 0. Thus the left map in 3.5.2 can be expressed as a split
short exact sequence. Similarly since 7 is additive, the right map in 3.5.2 can
also be so expressed. We then obtain the following diagram:

7(a®l,) T(b®1,)
P ha _

0 —— t(E®A) ((E®F)® A) (F®Ad) —— 0

(1) T (i) T (i) T

0 —— E®td 22 (EoF)etd 2 Fgt4 — 0

Here the vertical maps come from .# while a (resp. b) is the obvious inclusion
(resp. surjection). By naturality of .# in § both subdiagrams (i) and (ii) above
are commutative. In turn this shows that 3.5.2 is commutative and thus the
lemma is proved.

3.7. Suppose 7 is an intertwining functor with the family of natural equiva-
lences .# = {ir|F € Obg}. We call the pair (t,.#) an F-functor whenever
& is both distributive and associative. When .# is understood to be fixed we
call T an F-functor.

We now give two examples of F-functors to illustrate that they occur naturally
in representation theory of Lie algebras. In §5 we will discuss a couple of other
examples.

3.8 (Continuation of Example 3.3). Take % = B = 9, and consider the
completion functor, C,: 9, — 7, defined by Enright as follows. Let M satisfy
(1) above, i.e., M is a weight module. Then for ¢ € C let

M.={meMhm=cm}, M*>={mcCM|x,m=0}, M-=M>nM,.
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A weight module M for a is complete if for each n € N, y**! induces a
bijection Mz — MX*, _,. A completion of a weight module M is a weight
module M together with an a-module injection i: M — M’ such that (i)
M'/M is U(a)-finite and (ii) M’ is complete (see [E, §3] for details). For
M € 9, completions exist and are denoted by C,(M). Moreover given an a-
module homomorphism f: M — N in 9, one has an induced homomorphism
Co(f): Co(M) — C4(N) (see [E, §3]). In [D] the Enright completion functor
C, above is described as a subfunctor of a localization functor D,. Now 7,
can be shown to be stable under T, F € ObF, and D, and C, can be
seen to be F-intertwining (see [D, Theorem 3.1, Corollary 3.2 and Remark 2;
RW, Proposition 12; Ki, Proposition 2.6]). Moreover it follows from, say, [Ki,
Proposition 2.6] that the natural equivalence ir: Tp-C, — Cyo TF is natural in
& . With a straightforward calculation one can also show that the family {ir} is
associative. By Lemma 3.6 {ir} is distributive and hence C, is an F-functor.

3.9. Let q C g be two Lie algebras over C and let & = &(g) be a subcategory
of M satisfying 3.1. Let © = D(q) be a subcategory of M, stable under
Tg, E€Ob&. If V € ObD, define P{(V) = U(g) Queq) V (resp. I3(U) =
Homy ) (U(g), V)) asa g-module via u;(u2®x) = (u1u2)®x (resp. uy¢(uz) =
@(uauy)) for u;, u, € U(g), x € V. Then P§: D — M, (resp. I£: D — M)
is just induction (resp. coinduction). For each E € Ob& and V € ObD we
have a Mackey isomorphism

(1) @ y: PS(E®V)— E®PIV)

uniquely determined by ®¢ y(1® fQv) = f®1Quv for f€e E, veV.
Moreover the isomorphism above is natural in £ and V (see [Kn, Proposition
6.5]). Hence the Mackey isomorphisms (1) provide us with a family . =
{®g: Py oTg - Tgo P, E € Ob&} such that P§ is &-intertwining with
respect to ¥ and ¥ is natural in the &-variable. Then .# is distributive by
3.6 and is also easily seen to be associative by the formula defining ®g v, (1).
Hence P¢ is an &-functor.

In addition, if we assume that all objects of & are finite dimensional then
there exist unique isomorphisms of U(g)-modules

@y EQINV) ~ INE®V)

such that
Dr y(e®9)(l)=ed (1)

where e € E, ¢ € I§(V). Moreover this isomorphism is natural in E and
V (see [Kn, Corollary 6.7]). Hence .#* = {®}: Tg o I — I o Tg} provides
us with a family of natural transformations such that I is an &-intertwining
functor with respect to .#* and .#* is distributive. For E, F € Ob&, e€ E,
feF, pelf(V) we have

Pror v(Ee® fRp)(1)=e® f®9(1) =e®Df (f®p)(1)
=0 rer(e @ Py y(f®v))(1)
= (Pg rev ° lE®PE y)(e® fRV)(1).
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By uniqueness ®por = @ pop o lg ® P, so that F* is associative.
Hence I§ is an &-functor.

4. THE LIFTING THEOREM

4.1. Now we introduce notation necessary for the statement of the Lifting
Theorem. As in the previous section let a and b be Lie subalgebras of g and
let A (resp. B) be an additive subcategory of M, (resp. My). Recall from §2
the concepts of the image and preimage of a functor. Suppose & is an additive
subcategory of M, with res, & C 2% and set $) equal to the preimage of B in
My: ie., H=res;'B (see 2.1). Let 7: %A — B be a functor. A lifting of 7 is
a functor 7: & — § rendering the following diagram commutative:

& —— 9

( l) T€Sq Jv 11’355

A —— B
Although our notation here might suggest uniqueness, neither the existence nor
the uniqueness of a lifting is apparent. Both of these points are the focus of
our attention in this section.

4.2. If g is a Lie algebra and E a g-module, then let a;: T(g) ® E — E
denote the action of the tensor algebra 7'(g) on E induced by x® e — x - e
for x € g, e € E. When no confusion is likely to arise, we omit the subscript
and write a in place of a;.

4.3. Throughout the paper any additive category € of M, will satisfy the
following condition: if 4 € Ob€ then g® A and T"(g) ® A are objects of €
for n € N and the g-module map a; is a morphism in €, i.e.,

ag € Home(T"(g) ® A, A)
forall neN.

4.4. Let § = F(g) be defined as in §3, satisfying 3.1.1 and 3.1.2. Let %A, B, &,
and $ be categories as above and assume both 2 and B and gJ-categories
and 7: %A — B is an F-functor. Here we have fixed a family of equivalences
F = {ir|F € Obg} (cf. 3.4). We say that t is compatible with the b-module
action if the following diagram is commutative for all E € Ob & :

b tE —2 tE

(1) | a0

g®1E or (g E).

4.5. Suppose T is a lifting of 7. We say that 7 has a g-action induced from
7 (or (7,.#) to be more precise) if the following diagram is commutative for
all EcOb6:

g®TE —= 7E
(1) ’“l A

T(g®E)
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Above we suppress the appearance of the restriction functor res, so that res, E
appears as just E.

4.6. Theorem (Lifting Theorem). Suppose t: A — B is an F-functor such that

(i) t is compatible with the b-module action (cf. 4.4) and
(i) J(g) =Span{x®y -y ®x —[x, yllx, y € g} has an ad g-stable com-
plement K in T,(g) and both K, J(g) € ObgF.

Then there exists a unique lifting T: & — $ which has a g-module action induced
from t.

Proof. For convenience in the proof we write T = T(g) and T" = T"(g).
Let E € Ob®. We begin by defining a linear map @7 ® TE — 17E via the
commutative diagram

T®tE —%— tE
(l) iT,El /a,)'
(T®E)

Since ir,g and ay are sums of restrictions to the graded subspaces T", (1)
is defined also at the graded level. By definition @ induces a linear map (also
denoted by @) from T into End(7E).

We claim @ is an algebra homomorphism of 7" into End(tE). For n, m €
N consider the diagram:

(2) , @
lTn-fm® E T(a
THMQTE y (T Q® E) » 1(E)
(@ (b)
1 ®ipm .
T".E lT",T"’@ E t(l ® a) T(a)
T"@ (T ®E) (©) W(T"®E)
1 ® 1(a)
iT”, E
T"®1E

We let (a), (b), and (c) indicate the subdiagrams. Of course (2) will be commu-
tative as soon as we show (a), (b), and (c) are themselves commutative.

Our assumption 4.3 assures us that all the maps in (2) are well-defined. Since
 is associative, diagram (a) is commutative. Since E isa g-module and 7 is
a functor, diagram (b) is commutative. Now set F = T"(g) and write diagram
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(c) in the form
Tr o 1(T™ ® E) 7%, ¢6 T(T™ ® E)
(3) 1®1(a)l lt(l@a)

TrotE  —2£,  10Tp(E)

Since ir is a natural equivalence of functors Tr o T — 7o Tr, diagram (3) is
commutative. This completes the proof that (2) is commutative.

Since each ir is a natural equivalence, the action @ has its own naturality
which will be of use later. We record this here as: for D, E € Ob® and
o € Homg (D, E) the following diagram is commutative:

T®1E —%— 1E
(4) 1®mT Tm

T®1D N tD

Next we show that @ factors through 7'(g) to U(g) inducing a g-module
action on 7E . The kernel of @ is a two-sided ideal and thus to prove @ induces
a g-action on tFE it is sufficient to show that J(g) is contained in the kernel
of @. Consider the following diagram with J = J(g) and F = T)(g):

F®TE “LE, ((FQE) =9, 1E

® I I ||

J®tE 22, 1(JoE) 9, E
Here we let b denote the restriction of a to J ® E. Since .# is distribu-
tive we use hypothesis 4.6(ii) to conclude that all the subdiagrams of (5) are
commutative. But b is the zero map and since 7 is additive, 7(b) = 0. It
follows from (5) that @ is zero on J ® TE. Therefore @ induces an algebra
homomorphism of U(g) into End(zE). This gives us a g-module action on
7E . Let TE denote this g-module.

We now claim that E — TE is a functor from & to $. Let D, E be objects
of & and y € Homg(D, E). Suppressing the notation for the restriction, y
is also a map from resD to resE and thus 7y € Homg(zD, tE). We claim
1y € Homg (7D, TE) . From the definition of § it is sufficient to verify that ty
is a g-module map. We prove this by considering the following diagram:

F®tE “£2, (FoE) =9, ¢k
(6) l®tyI 1(1®)’)I T‘U’

FotD 52, ((FeD) 9, p

where F = T" for n € N and a is the obvious g-module action. This diagram
is by hypothesis commutative. This fact together with the assumption that .#
is distributive implies that 7y respects the action of 7'(g) and hence the action
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of U(g) on E and D. Thus 7y € Homg(7D, TE), and so setting Ty = 7y we
conclude that 7: & — § is a functor.

From the construction it is clear that 7 is both a lifting and has a g-module
action induced from 7. From (1) and 4.5.1 we conclude that 7 is unique. This
completes the proof of the Lifting Theorem.

4.7. We would like to show now that the hypothesis 4.6(ii) is not too stringent.
Lemma. Suppose g is a Lie algebra and as above let
J=J(g)=span{x®y -y ®x —[x, y]lx, y € g}.

Let S; = S,(g) denote the symmetric tensors in T>(g). Then J and S, g-
modules and T)(g) =S, & J .

Proof. The Poincaré-Birkhoff-Witt theorem implies that the projection of T'(g)
onto U(g) restricts to a linear isomorphism on S(g), the symmetric tensors of
T(g). Clearly J is the kernel of this map on 7,(g). This completes the proof
of the lemma.

4.8 (Continuation of Example 3.3). It is straightforward to see that J and S,
defined in §4.7 are objects in F. Hence 4.6(ii) is satisfied. Now we have the
following setup.

Fi(a) =S F(a)

(1) resq l lres.,

g X g

where a = CX, + CH, + CX_,, a € B, is a copy of s/(2,C) in g(4), and
Fg(a) is the full subcategory of g-modules M such that res; M € Ob.7,, i.e.,
Fy(a) =res;1(F;) (see [E, 3.5 and 3.6]).

Now it is not too hard to check that 7, and J(a) are § = F(g)-categories
and that assumption 4.3 is satisfied for g and € = .9, or F(a). From [Ki,
Proposition 2.16(iii)] we have a natural equivalence ir: TpoC, — C,oTr for F
an integrable g-module. Thus we have a commutative diagram for M € F(a):

a® Co(M) 2¥, Coae M) £ c (M)

i@ll Ca(i®1)l Ca(ag)
88 Co(M) 22 C,(g® M)

where i: a — g is just the canonical inclusion. The composite of the top maps
is just the a-module action on C,(M) (see [E, Proposition 3.3]). Hence C,
is compatible with the a-module action and we can apply the Lifting Theorem
to give us a functor C,: F,(g) — F5(a) rendering diagram 4.7.1 commutative.
This gives an alternate proof of [RW, Proposition 11].

Note that the lattice functors defined in [E, §4], being compositions of various
C,’s, also enjoy the property of being F-functors for A4 of finite type, i.e.,
for g finite dimensional. The details are left to the interested reader (see {E,
Proposition 4.14]).




REPRESENTATION THEORY OF LIE ALGEBRAS 445

4.9. Next we extend the Lifting Theorem to the setting of derived functors
of an F-functor. For §§4.9 to 4.11 we assume that 2 is an F(a)-category,
where F(a) satisfies 3.1.1 and 3.1.2 and 2 satisfies the following additional
hypotheses:

(i) 2 has enough projectives,
(ii) the functors Ty, F € ObF(a), carry projectives to projectives,
(iii) for « € Homgy(A4, B), kera and ima are objects in 2, and both the
inclusion kera — A and the surjection A — ima morphisms of 2.

Remarks. (i) and (iii) are sufficient to imply that projective resolutions exist for
any module 4 € Ob®2A and that given two projective resolutions P, - A — 0,
Q. - B — 0 in &« with f € Homg(A4, B) then there exists a (unique up to
chain homotopy) chain map f: P. — Q. inducing f (see [HS, Chapter IV,
Theorem 4.1]). However 2 above need not be an abelian category as the next
example shows.

4.10 Example. Let a =5/(2, C) and let M, , n € Z, denote the Verma mod-
ule M(4,) for a, where A, € h* is defined by A,(H) = n. Then for n € N*,
M_, — M, is injective in J; but F, = M,/M_, is not an object in F,.
Hence 2 is not an abelian category.

4.11 Proposition. Suppose A is an F(a)-category satisfying 4.9 and let 7: A —
M, be a covariant F(a)-functor. Then all derived functors t™*, k € N, are
F(a)-functors as well.

Proof. Let A € Ob2 and let P, — A be a projective resolution of 4. By
4.9(ii), F ® P, - F ® A is a projective resolution and 7*(F ® 4) is the kth
homology group of the complex 7(F ® P,) for F € ObF(a). Consider the
diagram

s UF®P) —— HFOP) — -

U N T .

.—— F®tPj —— F®tPj_; — -

All the subdiagrams of (1) are commutative and thus the isomorphisms ir
induce isomorphisms i/ .4 on the homology groups

(2) it 4 F®UAST(F @ A).

Let now D, - A —- 0 and Q, — B — 0 be two projective resolutions in 2

and let f € Homgy(A4, B). Then by Remark 4.9 there exists a chain map f
such that the following diagram is commutative:

P, A 0
71 lf
Q. » B » 0.

For the existence of this chain map one needs to assume 4.9(iii). (Thus it does
not suffice to assume that A has projective resolutions of objects; one must
also assume 4.9(iii).) Using the fact that the ir are natural equivalences it is
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a rather straightforward verification (which we leave to the reader) to show the
diagram

ik
Fothd —L4, tK(F g A)
l®t"(f)l lt"(l®f)

k
F®1B —£2, 1k(F @ B)
is commutative. Hence the i% are natural equivalences. Clearly 7* is additive
and thus each 7¥ is an intertwining functor with respect to the family #* =
{ik|F € Obg}.

It remains to verify that each .#* is both distributive and associative. Let
F,H € ObF(a) and 4 € Ob2A. Then the complexes ©(F @ HQ® P.), F ®
t(H® P,), and F ® H ® TP. can be related as in (1) to give a triangular
diagram of complexes:

k

T FOUHO®P) * FQIMH®A) —0

/ y FOH®1TA / > 0
N N

o UF®H®P) Y (FOH®A) —0

FOH®1P,

All the triangular diagrams are commutative by the assumption that 7 is
associative. Thus the induced triangular diagrams at the level of homology are
commutative as well. This proves that _#* is associative. The proof that #*
is distributive is similar and we omit it. This completes the proof.

Remark. One can also show that if .# is natural in §(a) then the #* are also
natural in F(a).

4.12 Theorem (Lifting Theorem for derived functors). Suppose a equals b
and let F(a) be a category of a-modules satisfying 3.1.1 and 3.1.2. Using the
notation of the Lifting Theorem 4.6, assume A satisfies 4.9 and res,: 3(g) —
F(a). Suppose t: A — M, is an F(a)-functor such that

(i) 7 is compatible with the a-module action (cf. 4.4), i.e.,

a®td —2 5 14

(1) iu,Al A
)

T(a® A4
and

a®TtE —— 1E
) o1 | @)

g®TE —2f, 1(gQE)

are commutative diagrams for A € Ob2, E € Ob® (notation as in 4.6).
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(i) J(g) =Span{x®y—-yQ®x —[x, yl|x, y € g} has an ad g-stable com-
plement K in T,(g) and both K, J(g) € Ob¥.

(iii) # is natural in F(a).

Then for each k € N, the derived functor t™* admits a unique lifting T™*: & —
$ which has a g-module action induced from t* (cf. 4.5).
Proof. We begin by checking that t* is compatible with the a-module action.
Let P, — A be a projective resolution in A with 4 € Ob®. Diagram 4.4.1
is commutative by assumption. Starting with this diagram we consider the
diagram

a®1P, TP,

N7

g®1P, (a) (a®P,) (c)

(V1)

UGB P,).

By naturality of .# in §(a) we conclude that (a) is commutative. By ap-
plying hypothesis (i)(1) with 4 replaced by each P, we conclude that (b) is
commutative. Diagram (c) is somewhat more delicate since the modules P; are
not g-modules. First a; gives an a-module map g® 4 — A4 and so lifts to
a chain map which we denote by a;: g® P — P,. Now g, and gz0iQ® |
are two chain maps which agree on a ® A — 4. This show that (c) induces a
commutative diagram at the level of homology. Hence the outside diagram in
(3) induces a commutative diagram

a®thd -2, 1kyg

(4) | e

ke
R TFA —21, tk(g® A)

This completes the proof that each 7% is compatible with the a-module struc-
ture.

Now using 4.11 and (4) we may apply 4.6 to the functors t* . This completes
the proof of 4.12.

4.13. In this last subsection we further assume in addition to 4.9 that every
object in F(g) is of finite dimension and F* € §(g) for F € §(g).

Proposition. Let 2 and®B be two good full § = F(g)-subcategories of M, and
My respectively where a,b C g are two subalgebras. Suppose n = N4 um B:
Homg¢(A4, M ® B) — Homg(A ® M*, B) is an isomorphism for M € §(g)
and € =% and € =B (c¢f 2.6 and 2.8). Let H: A — B be a covariant F-
Sunctor natural in § (c¢f. 3.4). If H has an additive left adjoint G, then G is
also an F-functor natural in §.
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Proof. First we construct natural equivalences jr 4: F® GA — G(F ® A) (here
F eObF, 4 € Ob®B) using Lemma 2.7 as follows. Let B € Ob2l and consider
the sequence of isomorphisms

Homgy (F ® GA, B) = Homy(GA, F* ® B) 2 Homg(A, H(F* ® B))
= Homg (A4, F* ® HB) = Homg(F ® A, HB)
= Homgy(G(F ® A), B).

The third isomorphism is induced by the natural equivalence
ip« g HF*® B) —» F* @ H(B).

The first and fourth isomorphisms are induced by 7 (see 2.6). The other two
isomorphisms are just a consequence of the definition of an adjoint functor. By
Proposition 2.8 we have an induced natural equivalence

Jjr.a: F®G(A) 2 G(F ® A).

Next we check that J = {jr 4|F € ObF(g), 4 € Ob2} is natural in F(g).
With this goal in mind let E, F € Ob®2 and f € Homg(E, F) and consider
the diagram

Homy(E® GA,B) ——  Homy(GA,E*®B) —  Homg(A, H(E* ® B))

N\ N

n
Homy(G(E ® A), B) > Homy(E® A,HB) —— Homgy(A, E* ® HB)

+

Homy(F ® GA, B) ——— Homy(GA, F* ® B) ———— Homg(A, H(F* ® B))

N ., N

Homgy (G(F ® A), B) — > Homgy(F ® A, HB) -1, Homg(A, F* ® HB)

The left diagonal arrows are induced from J and the right diagonal arrows
are induced from I = {ip 4|/F € ObF, 4 € Ob2}. By the naturality of 5 (cf.
Lemma 2.6) the left back square and the right front square are commutative.
The left front square and the right back square are commutative as G is the left
adjoint to H . The right side square is commutative as I is natural in §. The
top and bottom faces are commutative by the definition of J. Hence the left
side square is commutative. From this fact it easily follows that J is natural in
¥ . Observe that this in particular implies by Lemma 3.6 that J is distributive.

Now we need only prove that J is associative. As beforelet E, F € Obg,
A€ Ob®B, and B € Ob2A. Then consider the following diagram:
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(l) Homy(E ® F ® GA, B) —n—) Homg(GA, (E ® F)* ® B) —

Homy (G(E ® F ® A), B) Hompy(E® F®A,HB) —

S

Homy(E ® G(F ® A), B) —— Homy(G(F ® A), E*® B) ——

Homgy(A, H((E ® F)* ® B)) —B—) Homgy(A, H(E* ® F* ® B))

e e

Homg(A, (E ® F)* ® HB) L) Homgy(A, E* ® F* ® HB)
il
Homg(F ® A, H(E* ® B)) I Homg(A, F* ® H(E* ® B))

The reader should view this as one large diagram with the bottom diagram
placed to the right of the top diagram. The leftmost arrows on the top dia-
gram are just induced by J while those on the right in the bottom diagram
are induced by 7. The top face of the whole diagram is commutative by the
definition of J and as I is natural in §. The front face of the whole diagram
can be written out as

HomyGE®F®A),B)  ——  HomyE®F®AHB)  ———
n
(a)
Homy(E®G(F®A),B)  —1—  Homy(G(F®A),E*®B) ———
B

Homg(A, (E ® F)*® HB) — Homgy(A, E* ® F* ® HB))

4

(b) n

Homgy(F ® A, E* ® HB)

©)

Homg(F ® A, HEE* ® B)) -, Homg(A, F* ® H(E* ® B)).
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The definition of J implies that diagram (a) is commutative. By Lemma 2.7
diagram (b) is commutative and (c) is commutative by the naturality of 7.
The back face of diagram (1) can be written out as follows:

Homg(E ® F ® GA, B) —L—  Homy(GA, (E®F)* ®B) —
\{ p
®
Homy(F ® GA, E* ® B) -
(e (&
Homy(E® G(F®A),B) ~ ——  Homy(G(F ®A),E* ®B) —

B
Homgy(A, H(E ® F)* ® B)) — Homgy(A, H(E* ® F* ® B))

/ |
)

Homg(GA, F* ® E* ® B)

(€3]

Homy(F ® A, H(E* ® B)) — Homy(A, F* ® H(E* ® B)).

Diagram (e) is commutative as 7 is a natural equivalence of (f) is commuta-
tive by Lemma 2.7. (h) is commutative as G is the left adjoint to H . Finally
the definition of J implies that (g) is commutative. This completes the proof
of Proposition 4.13.

5. EXAMPLES OF F-CATEGORIES AND F-FUNCTORS

5.0. We now give a few more examples of §-categories and F-functors arising
from the representation theory of Lie algebras. For more information on these
various functors the reader is referred to the original articles.

5.1. We keep the notation of Examples 3.3 and 3.8 but specialize to the case
where A is of finite type. Fix o € Il and set p, = b ® Cx_, where x_, € g,
is nonzero. Let K (resp. K,) denote the category of finite-dimensional U(b)
(resp. U(po)) modules. Joseph introduced and investigated functors Z,: K —
K, defined as follows. For F € ObK , I, F is defined to be the largest U(p,)-
finite-dimensional quotient of the induced module U(p,) Qup) F. Zof for
f € Homg(E, F) is defined to be the obvious induced map Z,E — Z,F . Let
T be the category of finite-dimensional g-modules. Then 3.1(i) and 3.1(ii) are
satisfied and both K and K, are F-categories. By [Jo3, Lemma 2.5] one has
a natural equivalence ig: Tg 09, — P, o T for each E € Ob¥# . The family
{ig} is then natural in § and associative (in fact this follows from 3.9). Hence
9, is an F-functor.
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5.2. In this next example we recall the notion, due to Joseph, of completion
functors on the category @ . In this setting one can view the Enright completion
functors as members of a larger family of completion functors. For a suitable
choice of § and JF-category we will see that these completion functors are
actually F-functors.

First we fix some notation. Let g = g(4) with A4 of finite type, and let P(6)
be the lattice of integral weights. In this example fix A € h* dominant and
regular and set A =4+ P(8). Let M(1) denote the Verma module of highest
weight 4 — p (see 2.4 for notation), where p = %2&&9" a, and let L(1) be
its unique irreducible quotient. In addition to being h-semisimple and U (b)-
locally finite we assume in this section that the category & is defined to have the
added condition that all modules in & are finitely generated as U(g)-modules.
For M € Ob@ set w(M) = {A € h*|M; # 0} where M, isthe Ath weight space
of M. Let @, denote the full subcategory of & whose objects are g-modules
M with w(M) C A. Set U =U(g)®U(g) and for g-modules M and N make
Hom(M, N) into a U-module by setting /((a ® b)x)m = a.(a(a))(x(a(b)m))
(see 2.6 for notation). Identify U with U(gxg) via x®1+1®x — (x, x)
as usual and let j: g — g x g be given by j(x) = (x, a(d.(x))). Set ¢ = j(g)
so that & is a Lie subalgebra of g x g. For M, N € Ob#&, L(M, N) will
denote the space of t-finite elements of Hom(M, N). For N € Obd&, set
CvM = L(N, M) ®yg) M(4). One can then show that the Enright completion
functor, C,, agrees with the functor Cy s on C[x_,]-free modules in the
category @, (see [Jo2, §2.12]).

Let now & be the category of finite-dimensional g-modules. Then &} is an
& -category. Now Joseph defines a completion functors C to be a functor on
@, such that the following three conditions hold:

(1) C is covariant and left exact.
(2) For each E € Ob& and N, M € Obd&, there exists an isomorphism
oum, e such that the following diagrams are commutative:

(a)
CE@M) 2t EQCM

M'—»Nl 1MHN

C(E®N) £, EQCN,

(b)
CE®F o M) 2L E® C(F® M)

1¢M,F
PM EQF

EQF®CM
for all F € Ob&, and
(c)

C(EQE*® M) 2Ee8, EQE*®CM

le@l‘v—»l‘ (@)
e®1* 1" ()
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(3) For any adg-submodule E of U(g) with E € Ob& the following
diagram is commutative:

C(E® M)
X@m»—vem
9M E CM

/H

E®CM
Joseph goes on to prove that for any N € Ob&,, Cy is a completion functor
and that all completion functors are of this form (see [Jo2, Proposition 4.4]). By
(2) {¢&|E € Ob&} is associative and distributive. Hence Cy is an F-functor
for all N € Ob@, . Conversely, for the category &, and § = & , any covariant
left exact F-functor satisfying 2(c) and 3 must be a completion functor Cy for
some module N € Ob& .

5.3. The last example we cover is the Zuckerman functor. Let h C € C g be
subalgebras of a finite-dimensional Lie algebra g over a field k of characteristic
zero. For the remainder of this section assume § is reductive and reductive
in ¢ and g. If s C t are Lie algebras over k let €(t,s) denote the full
subcategory of M; whose objects are U(s)-locally finite and semisimple as s-
modules. For X an object of €(¢, ) let I'(X) be the maximal U(¢)-locally
finite ¢-semisimple €-submodule of X and if f: X — Y for objects X, Y
in €(¢, b), let T(f) = flrx) € Home(I'(X), I'(Y)). Then one has a functor
I': ¢(¢, h) — €(¢, ¢) given by X — I'(X) and f — I'(f) for X an object
of €(¢, h) and f a morphism in €(t, ). I is by definition the Zuckerman
t-finite functor. If one takes ¥ = C(&, ¢) it is easy to check that €(¢, h) and
¢(t, t) are F-categories and that I" is an F-functor (see [EW, Lemmas 3.3 and
3.4] and [ES, Proposition 5.2]). Now we take a=¢, 6 =&(g, h), A=C(¢, ),
and B = C(¢, ). Let resy: M; — M, denote the forgetful functor so that
H= res,‘1 C(t, &) = €(g, £). One can check that the hypotheses of the Lifting
Theorem are satisfied so that we have a functor T: €(g, h) =— ¢(g, ¢) such
that the following diagram is commutative:

€(g, h) —— (g, ¥)

resy l lres.

Ce, h) —— (¢, ?)

One can also check in this case that the hypotheses of 4.12 holds so that
the right derived functors of I' are F-functors by Lemma 4.12 and for 4
a g-module, I'/(4) has a g-module structure for j > 0. For work on the
Zuckerman functors see [EW, Lemmas 3.3 and 3.4; ES, Proposition 5.2; and
Wa, Chapter 6].

Remark. The connection between gF-functors and localization contains some
interesting results which will be discussed in a forthcoming paper.
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